On the Lack of Gaussian Tail for Rough Line
Integrals along Fractional Brownian Paths
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Abstract

We show that the tail probability of the rough line integral fol d(Xy)dYs,
where (X,Y) is a 2D fractional Brownian motion with Hurst parameter
H € (1/4,1/2) and ¢ is a Cp°-function satisfying a mild non-degeneracy
condition on its derivative, cannot decay faster than a v-Weibull tail with
any exponent v > 2H + 1. In particular, this produces a simple class of
examples of differential equations driven by fBM, whose solutions fail to
have Gaussian tail even though the underlying vector fields are assumed
to be of class Cp°. This also demonstrates that the well-known upper tail
estimate proved by Cass-Litterer-Lyons in 2013 is essentially sharp.

1 Motivation and main result

Since the development of Itd’s stochastic calculus in the 1940s, quantitative prop-
erties of stochastic differential equations (SDEs) have been playing a central role
in stochastic analysis for many decades. The present article is concerned with
one particular aspect: tail probabilities of solutions. Consider a multidimensional
SDE (written in Stratonovich form)

d
dU, =Y Vo(U) 0odBy, Up=xz€cR" (1.1)
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driven by a d-dimensional Brownian motion, where the vector fields Vi,--- ,Vj :
RY — RN are assumed to be of class Cg° (bounded, smooth with uniformly
bounded derivatives of all orders). By using martingale methods, it is classical
that the solution U; has Gaussian tail for each fixed time t. Here we say that a
random variable Z has Gaussian tail, if there exist positive constants C, Cy such
that

P(|Z] > \) < Cre= @Y v > 0.

As an application, the existence of Gaussian tail for the solution X; can be used
to obtain Gaussian-type upper bounds on the fundamental solution of the heat
equation associated with the generator of (1.1). We refer the reader to the seminal
works [KS85, KS87| for a quantitative study of these and other related questions.

Our main interest lies in understanding the tail behaviour of solutions beyond
the diffusion case. A typical extension of SDEs to a non-semimartingale setting,
where [t0’s calculus breaks down in an essential way, is to consider the situation
where B; is a Gaussian process, or even more specifically, a fractional Brownian
motion with Hurst parameter H # 1/2. When H > 1/2, by using Young’s
integration theory it is possible to give a natural meaning of solutions to the SDE
(1.1) (cf. |Lyo94]). When H < 1/2, the SDE (1.1) can no longer be defined in the
classical sense of Young. A solution theory, commonly known as the rough path
theory, was developed by Lyons [Lyo98] in 1998 to deal with this more singular
regime. If H € (1/4,1/2), one can establish the well-posedness of the SDE (1.1)
within the framework of rough paths (cf. [CQ02]).

Now let us consider a general SDE driven by fBM with Hurst parameter H €
(1/4,1). Since the driving process itself is Gaussian (thus having Gaussian tail),
under the Cy°-assumption on the vector fields it is not entirely unreasonable to
believe that the solution should also have Gaussian tail. This turns out to be true
in the case of H > 1/2, which was proved by Baudoin-Ouyang-Tindel [BOT14]
using Gaussian concentration techniques.

However, the situation becomes drastically subtler in the rough regime of
H < 1/2. Under the Cp°-assumption on the vector fields, it was a remarkable
theorem of Cass-Litterer-Lyons [CLL13| in 2013 that the following tail estimate
of U; holds true. For any v < 2H + 1, there exist positive constants C7, Co
depending only on the vector fields, H and +, such that

P|U, — x| > \) < Cre™ @ YA > 0. (1.2)

As pointed out in [BNOT16], a more careful application of Cameron-Martin em-
bedding allows one to achieve v = 2H +1 in the estimate (1.2). This result, which
is the best existing one, is a Weibull-type sub-Gaussian estimate since 1+2H < 2.
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While there are no available lower bounds in this rough regime, in view of
the H > 1/2 case it is tempting to ask if the Cass-Litterer-Lyons estimate (1.2)
(referred to as the CLL estimate from now on) could be further improved to
demonstrate that U; does have Gaussian tail. The main goal of this article is to
provide a negative answer of no to this question. Our main result is summarised
as follows.

Theorem 1.1. Let (X;, Y})o<i<1 be a two-dimensional fractional Brownian motion
with Hurst parameter H € (1/4,1/2). Let ¢ : R — R be a Cg°-function such that

supinf sup |¢'(y)| > 0. (1.3)
r>0 TER yelp opy]

Then for any v > 2H + 1, there exist positive constants Cy, Cy depending only on
H., ¢ and v, such that

F(| [ 600 > 2) > e (1.4

for all X > 0.

Remark 1.2. Heuristically, the condition (1.3) means that any interval of a certain
length contains at least one point at which ¢’ is not small. For instance, this
condition is satisfied if ¢ is non-constant and periodic.

To see how the rough line integral fol o(X¢)dY; is related to an SDE, one simply
observes that it is the time-one value of the Z; component of the following SDE:

d(VZV)_<é¢((V)V>)(Z)§> (1.5)

In particular, Theorem 1.1 provides a simple class of examples of SDEs driven by
fBM with Cj°-vector fields, whose solutions do not possess Gaussian tail.

Corollary 1.3. Let (B®)2_, be fractional Brownian motion with Hurst parameter
H € (1/4,1/2). For all v > 1+ 2H, there are C{°-vector fields (V,)3_, in RN
such that if (Up)i=o 1s the solution to

d
dU; =Y Vo(Uy) 0dBy, Uy==zcR"Y,

a=1

in the sense of rough path, then there exist Cy,Cy > 0, such that
]P(lUl — ZL’| > )\) > Cle—Cg)ﬂ VA > 0.
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In particular, the 1 + 2H exponent in the CLL estimate (1.2)
P(|U; — 2| > \) < Cre™ @™ wa>o.
cannot be improved while still holds for all C;°-vector fields.

The lack-of-Gaussian tail phenomenon appears to be surprising at first glance.
Since the driving process is Gaussian, it suggests that in a probabilistic sense the
solution travels much faster than the driving process itself despite of the Cp*-
assumption. In the uniformly elliptic case, the intuition that “the solution process
should behave more or less like the driving process” is simply not true. If one
removes the Cp°-assumption, it is of course possible for the tail of U; to be as
large as one wants (even with explosion in finite time). On the other hand, if the
vector fields decay fast enough at infinity, one can make the tail of U; as small as
possible (as an extreme example, the solution will be uniformly bounded if the
vector fields have compact supports). It is the case of suitably non-degenerate
Cpe-vector fields (e.g. uniformly elliptic) that makes the lack-of-Gaussian-tail
phenomenon counterintuitive. It is not hard to construct examples of ¢ satisfying
the condition (1.3) of Theorem 1.1, such that the associated SDE (1.5) is uniformly
elliptic (i.e. its coefficient matrix is uniformly positive definite with Cp;°-inverse).

Organisation. In Section 2, we recall some basic properties of fBM. In Section
3, we develop the main ingredients for proving Theorem 1.1. In Section 4, we
conclude with a few further questions.

2 Basic properties of fractional Brownian motion

In this section, we collect a minimal set of standard notions about fractional
Brownian motion that are needed for our study. The reader is referred to [FV10,
Nua06]| (and the references therein) for more detailed discussions. We begin with
its definition.

Definition 2.1. A one-dimensional fractional Brownian motion (fBM) with Hurst
parameter H € (0, 1) is a mean-zero Gaussian process {X; : t > 0} with covariance
function

1
R(s,t) = E[X,X,] = 5(32H + 2t — 5", st >0,

Throughout the rest, the time horizon is always fixed to be [0,1]. A crucial
property of fBM (indeed, of any continuous Gaussian process) is the notion of
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its Cameron-Martin space. There are two canonical (and non-identical) ways of
defining it. Let {X; : t € [0,1]} be an fBM defined on some probability space
(Q, F,P).

Definition 2.2. The non-intrinsic Cameron-Martin space, denoted as H, is de-
fined to be the Hilbert space completion of linear combinations of indicator func-
tions {1py : t € [0,1]} with respect to the inner product

(Ljo.9 Lo)n = R(s, ).

The intrinsic Cameron-Martin space, denoted as H, is the subspace of continuous
paths A : [0,1] — R that admit the representation

h =E[ZX)], te]0,1]

for some Z belonging to the L?-completion of linear combinations of {X; : t €
[0,1]}. It is also a Hilbert space with respect to the inner product

<h'17 h2>’}-2 é E[Z1Z2]7
where Z; is the unique L?-element associated with h; (i = 1,2).

Note that H and H are different spaces (as sets). Nonetheless, they are isomet-
rically isomorphic through the important notion of Paley-Wiener integral which
we now define. For indicator functions, the map 7, : 19, = X, is clearly an iso-
metric embedding into L?(P). As a result, it extends to an isometric embedding
7, : H — L*(P) in a canonical way.

Definition 2.3. The embedding Z; : H — L?*(P) is called the Paley-Wiener
integral map associated with the fBM.

The following classical result gives a canonical identification between the two
spaces H and H.

Theorem 2.4. There is a canonical isometric isomorphism R : H — H defined

by
[R(W)]: £ E[Zy(h)X,], te0,1]

for each h € H.

We now recall a basic representation of the H-norm that plays a central role
in our analysis (cf. [BJ15, Theorem 2.5|).
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Theorem 2.5. For every f € H, one has

113 = 5H0 -2 |

R2

(@) - i),

2.1
|z —y[>~2H ’ 1)

where f(z) £ f(z)1p1)(x). In addition, H coincides with the space of f € L*([0,1])
such that the right hand side of (2.1) is finite.

We shall stop the list of fBM properties for now; in later sections we will either
quote or prove more whenever it becomes relevant to us.

We conclude this section by mentioning how the rough integral fol o(Xy)dY;
is defined in the most obvious way. Let (X,Y’) be a two-dimensional fBM (i.e.
X,Y are i.i.d. fBMs) with Hurst parameter H € (1/4,1). For each m € N, let

X () be the m-th dyadic piecewise linear interpolation of X, i.e. X ,i%)m = Xy /om
for all k = O, 1,---,2™ and X(m is linear on each sub interval [(k—1)/2™ k/2™].
Define Y™ in the same way. Note that fo )dY is well-defined as a
Rlemann—StleltJes mte%ral for each m. It is shown in rough path theory that the
limit of fo X)ay,™ exists a.s. and in LP (for all p > 1) as m — oo. The
resulting random Varlable is the rough integral fol o(Xy)dY;.

Remark 2.6. For the sake of conciseness and readability, we have chosen not to
get into any substantial definitions of rough paths or rough integration. This will
not affect the main discussion, as for most of the time rough path analysis is not
essentially needed for our purpose.

3 Proof of Theorem 1.1

Our main strategy of proving Theorem 1.1 consists of the following three steps:

Step one. By conditioning on X, the integral fo »(X¢)dY; becomes Gaussian
with (random) variance denoted as I(X). The tail probability on the left hand
side of (1.4) is easily related to a suitable integral of I(X).

Step two. By using the fractional Sobolev-norm representation (2.1), one can
obtain a lower estimate of the tail probability P(/(X) > \) .

Step three. The lower tail estimate of I(X) translates to a corresponding lower
tail estimate of the integral fo ¢(X;)dYy, in view of the relation obtained in the
first step.

In the sequel, we develop the above three ingredients precisely. Throughout
the rest of this section, unless otherwise stated, (X,Y’) is a two-dimensional fBM
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with Hurst parameter H € (1/4,1/2) and ¢ : R — R is a given fixed Cp°-function
satisfying the condition (1.3).

3.1 A fractional Sobolev-norm representation of the condi-
tional variance

Our entire argument relies critically on the following fractional Sobolev-norm
representation of the conditional variance of fol o(Xy)dY.

Proposition 3.1. Conditional on X, the random variable fol O(Xy)dY: is Gaus-
sian with mean zero and (random) variance

! 2y = HO=2H) [ (6(X)Loy(t) — 6(Xo) Lo (s))” |
]E[(/O Gb(Xt)dYt) {X} - 9 /R? It — s[22H d(;ltl)

In particular, the integral on the right hand side is finite a.s.

Such a representation is clear at least at a formal level. Indeed, when freez-
ing the X-path, the integral fo ¢(X;)dY; resembles a Paley-Wiener integral with
respect to Y. The relation (3.1) simply becomes (2.1) with f = ¢(X). However,
some care is needed to make this precise since fol »(X;)dY; is a rough path integral
by its definition. We break down the proof of (3.1) into a couple of basic lemmas.

The first lemma shows that the conditional variance can be computed through
piecewise linear approximation.

Lemma 3.2. Let X" denote the m-th dyadic piecewise linear interpolation of
X. Then one has

E[(/Olgb(Xt)dYt)Q}X lim E[( /¢ Nay)?|X] as (3.2)

m—00

Proof. For each fixed m, it is clear that the conditional distribution of fol qﬁ(Xt(m))dY}
given X is Gaussian, more precisely,

[exp 29/ o(X dYt ‘X] =exp (- QE[(/O ¢(X§m))d§ﬁ)2|XD Vo € R.

In addition, from the continuity of rough integrals (cf. [FV10, Theorem 10.50])
one has

/¢ dYt—>/ngtdYt a.s.
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as m — oo (see for example Lemma 6 in [FR14|, or [RX13] for the H > % case).
By the conditional dominated convergence theorem, one concludes that

E[exp (w/o $(X,)dY;)| X] :exp(—92—2 lim E[(/O o(X™)dy,)?|1X]). (3.3)

m—00

This relation indicates that fol O(Xy)dYy|

above exponential must exist a.s. The finiteness of moments of fol o(X¢)dY; (which
is easily implied by e.g. Fernique’s lemma for the fractional Brownian rough path;
cf. [FV10, Theorem 15.33]) allows one to differentiate the relation (3.3) with
respect to 6. The desired identity (3.2) drops out after twice differentiation at
6 =0. O

is Gaussian and the limit inside the

In order to relate the conditional rough integral (X being frozen) to a Paley-
Wiener integral, one needs an embedding property of the Cameron-Martin space
as well as a simple fact about piecewise linear approximations under Hélder norm.
We summarise them in the next two lemmas.

Lemma 3.3. Let H € (1/4,1/2). Then the inclusion C] C H is a continuous em-
bedding for every v > 1/2— H, where C] denotes the space of y-Hdlder continuous
paths h : [0,1] — R with hy = 0.

Remark 3.4. The set inclusion C] C H is stated in [Nua06, P.284] but its continuity
is not clear over there.

Proof. In what follows, ¢y denotes a universal constant depending only on H
whose value may change from line to line but is of no importance. Let h € Cj.
According to [Nua06, P.284|, its H-norm is computed as ||h|y = [|[K*h| L2(0,1)),
where

(K*h)(t) £ et~ (DY (5" 0y)) (1)

and D}é >~ denotes the fractional derivative operator. Unwinding its definition
explicitly, one has

1 H-1/2 1, H-1/2 H—-1/2
t h 1 t h; — s h 9
2 1-2H t g t s

1 h2 1 1 tHfl/Qh _ SHfl/Qh 9
< Lt -2t / ‘ *ds)”dt
CH[/O (1—¢)—2A + /0 ( ) (s — t)3/2H s) dt]

=:cy(A+ B).




It is straightforward to see that (using hy = 0)
|ht B hs,

A< Cy.,-||hl|> where ||h], £ .
< o[ where [l & sup T

To estimate B, one further writes

. /12512H(/1 tHfl/Z(ht — hy) + (tHfl/Z _ SH71/2)hS ds)th
0

(S _ t)3/2_H
1 tH—l/z(h _ h ) 9
1— 2H t s
<2 i t / (5= 1)o7 ds)
tH 1/2 _ H—1/2)(hs _ hO) 9
o[ e
—: 2(By + By).

For the Bi-integral, note that

tH=1/2 (he — ) 1 tH71/2(S —t)
e R =
= Cy " 21— )2 ),

This easily implies
By < Cry B3

Similarly, for the Bs-integral, one has

L (¢H=1/2 _ gH=1/2) (1 — hy) tH 12 _ gH-1/2)g yd .
| } (s — t)3/2-H d ‘ = ‘ 1)3/2-H 5| (|7l

l/t (1 — pt=1/2) 1
_ 2H4v-1 P P )

1 _
< Cra P07 () ]
= CHﬁtH_l/Q [[R]l4-
As a result, one also finds that

By < Cir 111



Lemma 3.5. Let x : [0,1] — R be an y-Hélder continuous path. For each m > 1,
let 2™ denote the m-th dyadic piecewise linear interpolation of . Then one has

20 — a5 < 427"l (3-4)

for all B < 7.

Proof. This is straightforward calculation. Let s < t be given. We only consider
the case when s, ¢ belong to different dyadic sub-intervals, say s € [tx_1, tx] and
t € [t, ti41] with k& < [ (the case when s, t belong to the same sub-interval is easier
and left to the reader). Since 2™ and x agree on the dyadic points, it is obvious

that

IS?) — Tsp = (xﬁf? — Ty, t) - (:ci”Z,f — T tk)

where x;; £ 2, — x, and similarly for :L‘st We simply use triangle inequality to
bound all these four terms, i.e. one has

Ty, 1 (t —t) (t—t)°(t —t,)" m\y—B
< = 2=\~
‘(t_s)g‘ (t_S)BHJCHv (1= )7 [zll, < 27") 7|z,
and
(m) —m
) o ] ot B s
(t —s)P

T 9-m (t—S)ﬁ s —— (t )B||$||7

(m)

The other two terms w,; and zg; are estimated in the same way. The desired

inequality (3.4) thus follows. O
We are now able to justify the representation (3.1) precisely.

Proof of Proposition 3.1. In view of (2.1), it suffices to show that

/qut dv,)’|X] = E[L( W)y S (3.5)

It is clear that Z; (¢ fo (z¢)dY; when z is a deterministic piecewise linear
path. By Lemma 3. 2 one has

1
E[(/O #(X,)dY;)*|X] = lim E[( / o(X™)aY;)*|X] = Tim BZi(h)?]|,_, xom-

m—0o0 m—0o0
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To reach the relation (3.5), one first observes that X has v-Holder sample paths
a.s. for any v < H. Since H > 1/4, it is possible to choose v € (1/2— H, H). Ac-
cording to Lemma 3.5, by sacrificing v a little bit one can ensure that ¢(X (m)) —
»(X) a.s. under y-Holder norm. It then follows from Lemma 3.3 that

H(X™) = ¢(X) as. in H.
Consequently, by the Paley-Wiener isometry one finds that

lim E[Zy(h)?)],_yxomy = BIL (W] _yy @S-

m— 00

The relation (3.5) thus follows.

3.2 Lower tail estimate of the conditional variance

Recall that I(X) £ E[fol &(X;)dY;| X]. Tt is not hard to convince oneself that

the tail behaviour of the rough integral fol d(Xy)dY; is closely related to that of
I(X). We shall make this point quantitatively precise in Section 3.3 where we also
complete the proof of Theorem 1.1. In this subsection, we establish the following
key lower estimate on the tail probability of I(X).

Proposition 3.6. For any o > H + 1/2, there exist positive constants Cy,Cy
depending only on H and o, such that

P(I(X) > ) > Cyexp (— CoaT2m) (3.6)
for all large \.

Before developing the details, it is helpful to first explain the key idea behind
the proof. One can think of the covariance function I(-) as a positive functional
on paths. For each given path h : [0,1] — R, the function A — I(\h) possesses
a suitable growth property as A — oo. The essential point in the argument is to
construct a Cameron-Martin path h such that this function achieves a “maximal”
growth rate. It turns out that such an h should have “worst” regularity within the
Cameron-Martin space.

In what follows, we develop the major steps for proving Proposition 3.6.
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3.2.1 Reduction of the double integral

Let us begin with a simple reduction of the problem. We introduce the following
path functional

dsdt

I(z) & H(1 —2H) /}R2 (¢(xe)10,01(t) — B(5)10,11(5))*

2 |t — sz 22

where z : [0,1] — R is any continuous path, provided that the right hand side is

finite. We also set
s)
/ / |t_5\2 M) o (3.7)

The lemma below reduces our problem to the study of the .J-functional.

Lemma 3.7. One has

sup |I(z) — H(1 —2H)J(z)| < oo.
z:[0,1] =R

Proof. The integral I(z) can be decomposed into

I(z) = H(1—-2H)(J / / / t_s|2 2Hd sdt). (3.8)

It is easily seen that

[ A i = o [ ot < Culoi, <

Similarly, the fol J{ -integral in (3.8) is also bounded by a constant independent
of x. The result thus follows. O

Remark 3.8. As a consequence of Lemma 3.7, in order to prove Proposition 3.6 it
is sufficient to establish the same inequality for J(X).
3.2.2 A Weierstrass-type Cameron-Martin path

The critical point in the argument is to construct a Cameron-Martin path h € H
such that the function A — J(Ah) achieves a fastest growth rate as A\ — oco. To
motivate its construction, our ansatz is that h should have essentially the worst
regularity within the Cameron-Martin space H. It is a standard fact that H
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contains a-Holder continuous paths h (with ~(0) = 0) for all « > H + 1/2 (cf.
[BG15, Lemma 6.2]). In addition, there is a continuous embedding H — C9var
for all ¢ > (H +1/2)7! (cf. [FV06, Corollary 1]). These two properties together
suggest that a natural candidate h should have Holder regularity just slightly
better than H + 1/2. A typical way of explicitly constructing Holder functions is
through a Weierstrass-type series.

Let o € (0,1) be a given fixed exponent. We define the path h, : R — R by

ha(t) £ > 27" sin2"7t. (3.9)

n=—oo

The main properties of h,(t) that are essential to us are summarised in the fol-
lowing lemma.

Lemma 3.9. We write ho(t) = fo(t) + ga(t), where

0 oo
fa(t) = Z 27" sin 2"t go(t) 2 Z 27"%gin 2"t
n=1

n=—oo

Then f,(t) is Lipschitz continuous and go(t) is a-Holder continuous, more pre-
cisely,

| fa(t) = fals)| S LIt = s, |ga(t) — gals)| < L'|t —s|* Vs, teR (3.10)

with some constants L, L' > 0. In addition, g,(t) is 1-periodic on R and hy(t)
satisfies the following scaling property:

ha(2Mt) = 2™h,(t) Vm € Z,t € R. (3.11)

Proof. The 1-periodicity of ¢,(t) as well as the scaling property of h,(t) are
straight forward by definition. To check the a-Holder continuity of g, (t), due
to periodicity let us just assume that s <t € [0,1]. Then one has

Go(t) — ga(s) =2 Z 27" sin(2" I (t — 5)) cos(2" I (t + 5)), (3.12)

n=1

and in particular,

’ga(t) — ga(s)‘ <2 Z 2_”0" sin(2" ' (t — s))|

n=1
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Let N be the unique non-negative integer such that 2=V <t — s < 27V, It
follows that

N 00
|9a(t) = ga(s)| <2(D 272" m(t—s)+ > 27" <27Vt — 8"
n=1 n=N+1

Therefore, g,(t) is a-Holder continuous. The Lipschitz property of f,(¢) follows
from a similar estimate:

0
|falt) = fals)] < > 27m2" x|t — s| = C"|t — s,

n=—oo

where C” £ 739 2m(1=2) < o0 since a € (0, 1). O

n=—oo

We also need the following property regarding the continuity of g, (t) at t = 0.

Lemma 3.10. One has
— [ga(0)
im

t—0t+ {

Proof. We first recall the following elementary inequality (Jordan’s inequality)

2
sinx > —x V& [0 T

- ,5}, (3.14)

whose proof is straightforward. By taking ¢t =27 (m > 1), it follows from (3.14)
that

o0 m—1
ga(27™) = Z 27" gin 2" " = Z 27" gin 2" M
n=1 n=1

m—1
> 2 Z g nagn=—m 5 9 2—(m—1)a2(m—1)—m _ 2—(m—1)o¢'

n=1
As a consequence, one has

—m —(m—1)a

9-m 7 9-m

— Qm(l—a)—i—a /1 50

as m — 00. The result thus follows. O]
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Remark 3.11. To ensure that h, € H (this is needed for the application of
Cameron-Martin transformation later on), one can only choose the exponent a to
be arbitrarily close (but not exactly equal) to H + 1/2. This is the unfortunate
reason why one needs to sacrifice the CLL exponent 142H by an arbitrarily small
amount in Theorem 1.1.

We will now apply Lemma 3.9 and Lemma 3.10 to prove the following property
of h, which will be the key non-degeneracy property on h.

Lemma 3.12.
inf  sup |ha(vi + k) — ha(va + k)| > 0.

keN V1 ’1)26[0 1]

Proof. Since g, is 1-periodic, one has

ha(v + k) = ha(k) = fa(v + k) = fa(k) + ga(v).
According to Lemma 3.13, there exist vy > 0 such that
|ga(vo)| > 2Lvy.

Here L is the Lipschitz constant for f, (cf. (3.10)). As a result, one has

(o ‘ - ‘fa vo + k) — fa(k)|

}hOz(UO—i_k)_ha( ‘ 2 ‘
2 2LU0 — LUQ LUO

The Lemma now follows by noting that L and vy are independent of k. m

3.2.3 Composition of ¢ with Weierstrass path

We will in fact need to use the above lemmas on the composition of h, with ¢.
We first state an elementary fact.

Lemma 3.13. Suppose that ¢ : [a,b] — R has two continuous derivatives. Then
for all x,y1,ys such that |y; — x| < % fori=1,2, one has
1

1P(y1) — d(y2)| = ZLW@)H% — 1.
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Proof. The Lemma is trivial if ¢/(z) = 0, so we assume ¢'(x) # 0. Taylor’s

theorem with second order remainder gives

Hun) — H(1n) — & (12) 31 — / ( / (o) dv) ‘

¢'(y2) — & (x) = ¢’(U)dv

T

It follows that
H¢”Hoo

lo(y1) — D(12) — &' (y2) (1 — y2)| < 1 — ol
9/ (y2) — ¢'(2)| < ||cz5"||oo|y2 — zl.

In addition, the reverse triangle inequality implies

6() — 0w > 16'w)] - lor — ol — LE1 =y g
=z Y1 — 12| Y1 — 2
6" (y2)] = 1/ (2)] — [[6"[[o0|y2 —Jfl
If |y — 2| < % from the second inequality one obtains that
9 (y2)] > §W($)|;
and therefore
/:L, /! o
() — ot > LNy, — g 1L ey e

We now apply the inequality |y; — yo| < % to get that

6() — o)) = LNy, )

Recall from (1.3) that, there exists » > 0 such that

n:=inf sup |[¢'(y)| >0

TER yelz,atr]
From now on we will set
2%r

iIlkaN Supm,v?e[oﬁl} |ha(U1 + ]C) - ha(UQ + ]{7)’ )

16
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Lemma 3.14. Let the constants L and L' be as in Lemma 3.9. Let € be such that
n
([[¢"][oc +1)p

For all k € N, there exists vy € [0,1] such that for all u € (0,¢/2), v € (v —
£/2,v +¢€/2) and p € (27%,1], one has

Le + L'e® <
e+ 9 1

|0(priha(v + k) — d(ppha(v + k — u))| == |ha(v + k) — ha(v + k — u)|.

>3

Proof. Note that for all k € N, there exist Uy, 94 € [0,1] such that

|ha (O + k) — ha(Ux + k)| = sup  |ha(vi + k) — ha(v2 + k)|

v1,v2€[0,1]

From the definition of p, one has
pp|ha(Or + k) — ho(Op + k)| > 7.

By our non-degeneracy assumption (1.3) on ¢, there must exist vy, between 0, and
Uk, such that

&' (pprha(vr + k)| = 1.

It follows from the Hélder-continuity of h, (cf. Lemma 3.9) and the definitions of
v,u and ¢ that

n
ho(vg + k) — ppho(v +k —u)| < ————
n
pphe(vy + k) — ppho(v + k)| < ——7—.
il 8) = prhal + BN < g5 1)

By Lemma 3.13, one arrives at

|6(ppiha(v + k) — d(ppha(v+ k — )] >Z|puha(’v + k) = ppiha(v +k — ).

]

17



3.2.4 The core step: growth of A\ — J(\h,)

Now we assume that o € (H 4 1/2,1) is given fixed and define the path h,(t) by
(3.9). Recall from Lemma 3.9 that h, = f, + go where f, is Lipschitz and g, is
1-periodic, a-Hélder continuous. In particular, hq|jo,1) € H. We also recall that .J
is the path functional defined by (3.7). Below is the key lemma for the proof of
Proposition 3.6.

Lemma 3.15. Let p be the constant defined by (3.15). There exists C > 0
depending on H, ¢ and «, such that

1-2H

J<>‘phoe) = CA\ =

for all X > 1.

The rest of this subsection is devoted to the proof of Lemma 3.15. In what
follows, A\ > 1 is given fixed. Let N be the unique positive integer such that
2NN N <2V Set £ 27N\ and note that 27 < pu < 1.

First of all, by the definition of J and the scaling property (3.11) of h,, one
can write

TOrhe) //}qﬁ u2Nah — Slpr2™ha(s))[”

)2 2H

/ t o (pphal 2Nt)) (ppiha(2Vs))|”

(1 = syz2i dsdt
/ / [@(prha(2V1)) ﬁ’lﬁh Y-

By applying change of variables v = 2V¢, 4 = 2¥w and using Fubini’s theorem,
one further has

2
J(Apha) = 2° 2NH/ / Hpiha(v) = Slpuha(v =)

u2—2H

= 2" 2NH/D u2—2H/ |6(pha(v)) = d(ppiha(v — )| dv.

18



Due to positivity of the integrand, it follows that

21\]

Tk > 220 [ [ fotpuhae) = opmha(o - ) do

2N 1

1 U k+1 9
_ g / w3 [ elotale)) = ooha(o — ) Pao

k=1

=27 2NHZ/ e 2H/ |p(ppha(v+ k) — ¢(,0uha(v+k—u))’2dv.
(3.16)

The crucial point is to demonstrate that the above double integral is uniformly
positive with respect to k. By Lemma 3.14, there exists a ¢ > 0 and a vy € [0, 1]
for each k € N, such that for all u € (0,¢/2) and v € (v — /2, v, + £/2) and

€ (27, 1], one has

|6(priha(v + k) — ¢(ppha(v + k — )] >Z|puha(v + k) — ppha(v + k — ).

For later purpose, we shall make € smaller so that ¢ = 2= with a suitable positive
integer M. With such a choice of ¢, it follows that

Uk pu ”’“*6
J(Aphe) > 97 2NH Z/ - 2H/ o(V+E) —ho(v+k—u)|*dv. (3.17)

In order to estimate the dv-integral, we consider the decomposition g, = ¢° +
gM where M is the number in the definition of ¢ and

M-1

ga(v Z 27" sin 2"mt, g ( Z 27" ¢in 2" 1t

n=1

Under this decomposition, one can write
ho(v+k) —ho(v+k—u) = fo(v+ k) — falv+k—u)
+ ga(v) = galv —u) + g3 (v) — ga' (v — ).
Note that both f, and g2 are Lipschitz:

| fo(v + &) = falv +k —u) + ga(v) — ga(v — u)| < Cou.
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By using the simple inequality(a 4 b)* > a*/2 — b?, it follows that

7 pp — ”“E
Toha) > S [ [ Gl - e =) - cit)as
2 2N—1 € Vi€
n"pi,— du 1 [
— T2 NH Z /0 W(i/ (gé\f(v) —gM(v — u))*dv — 2eC3u?).
k=1 Vk—E
(3.18)

To proceed further, one needs to lower bound the inner dv-integral on the right
hand side of (3.18). This is done in the lemma below.

Lemma 3.16. Let v, and € = 2= be chosen as before. Then one has

Vgte
/ (gé\/[(v) — gy(v — u))de > 4%y % (3.19)

k—E
for all w € (0,¢).
Proof. By simple trigonometric identities, one has
M _ — no n— 1 n o E
G (v) = ga' (v —u) =2 Z 27" sin(2" 'ru) cos 2" (v 2).
n=M
It follows that
2
(92" (v) = g5 (v — u))
=4 92— 2na on— 1 2 2n . E
Z sin®( u) cos (v 2)

n>=M
(m+n)a m— 1 n—1 m u n u
+4 Z 9~ (mtmagin (2 w) sin(2" ' u) cos 2 W(U—g) cos 2 W(U—i)
m#nz=M
=2 Z 272" gin? 2" Ly 4 2 Z 272" sin? (2" Lru) cos 2" (20 — w)
n=M n=M
+4 Z 2~ (mFmagin (2m=1ry) sin (2" ru) cos 2™ (v— g) cos 2" (v — g)
m#nzM
(3.20)

When one integrates the v-variable over (vy — &,vx + €), the second and last
summations vanish. Indeed,

vk te 1 u u
/ cos 2" (2v —u)dv = (sin 2" (v, — 5 +e) —sin2" (v, — = —¢)).

e PARY 2
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Recall that ¢ = 2™ and n > M. It is easily seen that 2""!7 - 2¢ € 277 and thus
the last expression is zero. Similarly, the dv-integral of the last summation on the
right hand side of (3.20) vanishes as well. As a consequence, one has

vE+€E
/ (92" (v) — gi (v — u))2dv =4e Z 272 5in? 2"y, (3.21)

k€ n>M
To lower bound the last expression, given any u € (0,¢) let K > M be the
unique positive integer such that 275~ < u < 27%. Then one has
Z 272 gin? 2"ty > 272K gin? 28 Ty > 272525 y)?  (by Jordan’s inequality)
n>M

1
_ 92K(1—a),,2 2c
=2 u® = e

By substituting this back into (3.21), one obtains that

v +€
[ @ - gt - ) > e

L—€

This gives the desired estimate. [l

Returning to the main estimate, let § < € be another parameter to be chosen.
By substituting the estimate (3.21) into (3.18) and further localise the du-integral
over (0,0), one finds that

2N -1

2 é
nmpH . — NH du 1 « [67
J()\pha) 2 T2 2 E /0 W(§4 €u2 - 25022U2)du
kl.i

772,0M2—2NH ) (2N ~1)- ( 4% 20+2H-1 _ 2:C3 52H+1)
4 22 +2H — 1) 20 +1

Since o < 1, it is clear that one can choose ¢ to be small enough (and then fixed)
so that

4% 20+2H—-1 28_02252H+1 =:(C5> 0.
220+ 2H — 1) 26 +1
AS a consequence,

WPI o anE 0N N(1—2H)
J(\pha) > TP NI (9N — 1) Gy > 0021,

where Cy is a constant independent of N. Recalling the definition of N at the
very beginning, one concludes that

1-2H

J(Aphy) = CiAa

The proof of Lemma 3.15 is now complete.
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3.2.5 Localisation of J(X)

To ease notation, we simply rewrite the inequality (3.15) as

J(Mhe) = CX o (3.22)
This is seen by absorbing p into the parameter A and adjusting the constant C. In
order to establish the main estimate (3.6) for J(X), we shall localise X around a
tubular neighbourhood of Ah, and make use of Cameron-Martin transformation.
To this end, we first establish the following continuity estimate for J(x). Recall
that a € (H +1/2,1) is given fixed.

Lemma 3.17. Let 9,0, be three parameters such that
1 1+6—-3H 1—2H
0<d<2H — -, max{+—,0}<a<1,
2 2c
Then there exists a constant C > 0 depending on H,«, 0,0, 5 and ¢, such that
| J(w) = J()| < C(|lu—vl|Fr_s + llu = vllu—sllollg + [l — vl _sl0l27)  (3.24)

for all continuous paths u,v : [0,1] — R satisfying ||[u — v||g—s < 1.

<p <1l (3.23)

Proof. Given two paths u,v : [0, 1] — R, one has

/ / T ((m) = ) = (6() = 6(0.)

d(ur) = ¢(us)) + (o(ve) — d(vy)))dsdt
By writing

1
Qb(ut) - ¢<us) = / (rb,(us + ‘gus,t)us,tde (us,t = Uy — Us)

and similarly for ¢(v;) — , it is easily checked that
st T+ Bsy)(Asy + Bgy +2Cs,)
/ / (t = sy dsdt, (3.25)
where

= /gb (s + Ous 1 )dO) (s — vs),

||>

/ ¢ Ugs + Qust df — / ¢ Vs + 6U5t>d9)vst,

>

= / ¢ Vg + 97)5 t)de)vst
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respectively. We now expand the product inside the integral in (3.25) and estimate
each term separately.
The AA-term. One has

Us Vs
/ / 2 2Hd8dt ||¢||2 / / —‘ i 2 ;Ld dt
<N — ol / / (t— 5y U223t

= Crsll @[5 llu = vllF s,

provided that ¢ is chosen such that H > HT%.
The AB- and AC-terms. Here we make use of the assumption that [ju —
v||g—s < 1. In particular,

[ty — Vg < llu—v||a_slt —s[F0 <1 Vs, t€]0,1]
and thus A, is uniformly bounded. Since

(QS(U,:) - ¢<us)) - (¢(vt) - ¢(US)) = As,t + Bs,t;

it follows that Bs is also uniformly bounded (say, by C1). Let o be a fixed number
such that

1+6—3H
+—,0} <0<l (3.26)

max {

Then one has

C Al |B
Jap = At Butl 4oy
AB / o (t—s)22H

//||¢/||00|ust Us,t|'Oll_U|BS,t|adet

t — 8)2—2H

/ / o (o3
<cis / / 16/ ool = Vel - (21 Noo)0aal”

t_5)2 2H

OQHU_UHH 5||UHU/ / H 5+Jo¢+2H—2d$dt

= Csflu — vl g-s]vl[Z, (3.27)

where the last integral is convergent due to the constraint (3.26) on o. The
estimate of the AC-term is the same as (3.27).
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The BB- and BC-terms. By the definitions of B,; and (., one has
| Bs.t| < Cll¢" ool = vl r-sl|vllalt — 5],
|Cot] < Cll¢'l|oolvllalt — 5]

We again observe that B, and Cs; are both uniformly bounded under the as-
sumption ||u —v||g_s < 1. Let 8 be a fixed number such that

1-2H
2a

In a similar way leading to (3.27), one has

JBB+JBCé//|BSt| |BSt’+|OSt|)dsdt

t—52 2H

< Cillu — ol lv]2? / / SR =2 g gt

= Callu — vlg_sllvl2,

<p <l (3.28)

where the finiteness of the last integral follows from the constraint (3.28) on f.
By putting the above results together, one obtains the desired continuity esti-
mate (3.24). O

As an application of Lemma 3.17, the next result enables one to localise the
tail event for J(X) on a tubular neighbourhood of Ah,.

Lemma 3.18. Let 0,¢,0,08 be given parameters such that § € (0,2H — 1/2),
€(0,1) and

1+6—3H 1-2H 1-2H 1-2H
el — 3.29
max { 0} <o < — o <6<(2—6)o¢ (3.29)
Then there exists a positive constant C' independent of X\, such that
{IX = Mrallg—s < A} C {I(X) > A=) (3.30)

for all large \.

Proof. We apply Lemma 3.17 to the case when u = X, v = \h,. Let 9,0, be
parameters satisfying the constraint (3.23). Suppose that || X — Ay ||lg_s < A€
(in particular, < 1). It follows from (3.22) and (3.24) that

J(X) = J(Ahy) — | J(X) — J(Aha)]

>
> O o = Oy (14 X[ hall” + AP X% by |29, (3.31)
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To ensure that (3.31) is bounded from below by 03)\%7 one only needs to further

impose that
1—-2H 1—-2H
) (2 - 6)ﬁ < )
o

which leads to the constraint (3.29) (in combination with (3.23)). The relation
(3.30) thus follows. O

o<

In order to prove the lower estimate (3.6) for J(X), we also need the following
small ball inequality for fBM under Hélder norm (cf. [KLS95, Theorem 2.2]).

Lemma 3.19. Given any d € (0, H), there exists a positive constant Cs > 0 such
that
P(||X||g—s < 2°) = e /" Va e (0,1].

We are now in a position to prove Proposition 3.6.

Proof of Proposition 3.6. Let d,¢,0,3 be given parameters satisfying the con-
straints in Lemma 3.18. According to the relation (3.30),

1-2H

P(J(X)>CX =

) = P([|X — Mg|lr—s < A7°)

for all large X. On the other hand, since h, € H, by the Cameron-Martin theorem
one has

1
P(| X — Mallg-s < A7°) =E[exp (A1 (la) — §A2||la||%); 1 X[ r—s <A77
> e NMali2p (|| X || s < A5, Th(la) > 0),

where [, € H is the element corresponding to the intrinsic Cameron-Martin path
h,. Since

(X N5 T2 (1)) 2 (X | =5, T (1)),

one has

P(|X|lr—s <A Ti(la) > 0) = P(| X|lg_s < A5, Ty (L) < 0).

1
= SP(IXln-s < A7),

In addition, according to Lemma 3.19 with z = A=/,

P(|Xlz-s < A7) = e wa> 1
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As a consequence, one finds that

P(HX . )\ha||H—6 < )\—5) > %e—ﬂﬂla%/?e—Ca)\a/é.

Now we choose € to be such that €/6 < 2. It follows that

1-2H

P(J(X)>CA « ) > Cre @Y

for all large . By renaming CA " as A, one arrives at the tail estimate

P(J(X) > A) > Cre O

which then leads to (3.6) in view of Remark 3.8.

3.3 Lower tail estimate of the rough line integral

We now complete the last step of proving Theorem 1.1. The point is to see how
the tail estimate of I(X) in Proposition 3.6 translates to a corresponding tail
estimate of the rough integral fol &(Xy)dY;.

Proof of Theorem 1.1. We begin by conditioning on X:
1 1
P(}/ (X)dYy| > \) = ]E[]P({/ P(X1)dYy| > M X)].
0 0

It is seen in Section 3.1 that conditional on X, the rough integral fol o(Xy)dYy is
Gaussian with mean zero and variance /(X). As a result, one has

E[P(‘/o XAV > AX)] =B [PE(|2] > )] > CEX [e-%7t57).

A
VI(X)

Here Z is a standard Gaussian random variable that is independent of X and P?
denotes the probability with respect to the randomness of Z. To reach the last
inequality, we have used the following simple estimate for the Gaussian density:

P(|Z| > r) = Cie= %" Vr > 0. (3.32)

By further conditioning on {/(X) > r}, one has

A2 2

EX[e”@T10] > e @ r PX(I(X) > r) > e e O (3.33)

26



where the last inequality follows from Proposition 3.6.
To proceed further, let us define

A )\2 2a
f(r) = Co— + Cyrm28, 1> 0.
r

Simple calculation shows that f(r) is decreasing on (0,7,] and is increasing on
[, 00), where

Co(1 — 2H)A2, _12m

L T+2a—2H0
T ( 20604 )
Substituting this 7, for = in (3.33) yields
2 %e
EX [emC2T0 | > Cpem AT (3.34)
Note that
SH4 L — o iom
a - _— :
2 1420 —-2H
Given v > 1+ 2H, by taking o > H + 1/2 to be such that
B 4o
TT 120 + 20

the desired lower tail estimate (1.4) follows immediately from (3.34).
The proof of Theorem 1.1 is now complete.

4 Further questions

As we mentioned in the introduction, the CLL upper estimate (1.2) indeed holds
with v = 1 4+ 2H. However, our lower estimate (1.4) for the rough integral
fol ¢(X¢)dY; only holds with a Weibull exponent «y arbitrarily close to 1+ 2H. It
is not clear whether one could achieve the critical exponent v = 1 + 2H for the
lower estimate under the current methodology. The main issue is that we do not
know if hp1/2 belongs to H (cf. (3.9) for the definition of Rirs1/2).

On the other hand, the current analysis relies on the decoupling between X
and Y in a crucial way in order to use conditional Gaussianity. It is tempting to
ask how the current result could be extended to the more general SDE setting (e.g.
still driven by fBM). In the rough regime of H € (1/4,1/2), we conjecture that
the lack of Gaussian tail is a “generic” phenomenon for elliptic, non-commutative,
Cye-vector fields.
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Last but not the least, in the setting of Theorem 1.1, it is easily seen that
any non-constant, periodic, Cp°-function ¢ will satisfy the condition (1.3). On
the other hand, it is trivial that the rough integral fol »(X;)dY; has Gaussian tail
if ¢ = const. In other words, in the periodic setting with a fixed driving fBM,
there is a clear alternative of either having Gaussian tail or the CLL Weibull tail
(but no other possibilities!). It would be interesting to see, at least for periodic
Cye-vector fields, whether such an alternative phenomenon will continue to take
place in the SDE context.

References

[BJ15]

[BNOT16]

[BOT14|

[BG15]

[CLL13|

[CQ02

[DPVO06]

X. Bardina and M. Jolis. Multiple fractional integral with Hurst pa-
rameter less then 1/2. Stochastic Process. Appl. 116 (2015): 463-479.

F. Baudoin, E. Nualart, C. Ouyang and S. Tindel. On probability laws
of solutions to differential systems driven by a fractional Brownian
motion. Ann. Probab. 44 (4) (2016): 2554-2590.

F. Baudoin, C. Ouyang and S. Tindel. Upper bounds for the density
of solutions to stochastic differential equations driven by fractional
Brownian motions. Ann. Inst. Henri Poincaré Probab. Stat. 50 (1)
(2014): 111-135.

H. Boedihardjo and X. Geng. The uniqueness of signature problem
in the non-Markov setting. Stochastic Process. Appl. 125 (12) (2015):
4674-4701.

T. Cass, C. Litterer and T. Lyons. Integrability and tail estimates
for Gaussian rough differential equations. Ann. Probab. 41 (4) (2013):
3026-3050.

L. Coutin and Z. Qian. Stochastic analysis, rough path analysis and
fractional Brownian motions. Probab. Theory Relat. Fields 122 (2002):
108-140.

E. Di Nezza, G. Palatucci and E. Valdinoci. Hitchhiker’s guide to the
fractional Sobolev spaces. Bulletin des sciences mathématiques. 136
(5) (2012): 521-573.

28



[DVZ05)

[F'V06]

[FV10]

[FR14]

[GOT20]

[KLS95)|

|[Kuo75]

[KS85)

[KS87

[Lyo94]

[Lyo98]

[Nua06]
[Riel7]

K. Dzhaparidze and H. Van Zanten. Krein’s spectral theory and the
Paley—Wiener expansion for fractional Brownian motion. Ann. Probab.
33 (2) (2005): 620-644.

P.K. Friz and N.B. Victoir. A variational embedding theorem and ap-
plications. J. Funct. Anal. 239 (2006): 631-637.

P.K. Friz and N.B. Victoir. Multidimensional stochastic processes as
rough paths: theory and applications. Cambridge University Press,
2010.

P.K. Friz and S. Riedel. Convergence rates for the full Gaussian rough
paths. Annales de I'IHP Probabilités et statistiques, 50(1) (154-194),
2014.

X. Geng, C. Ouyang and S. Tindel. Precise local estimates for differ-
ential equations driven by fractional Brownian motion: elliptic case.
Arziv preprint, 2020.

J. Kuelbs, W.V. Li and Q. Shao. Small ball probabilities for Gaussian
processes with stationary increments under Hélder norms. J. Theoret.
Probab. 8 (2) (1995): 361-386.

H. Kuo. Gaussian measures in Banach spaces. Lecture Notes in Math-
ematics, Vol 463. Springer-Verlag, 1975.

S. Kusuoka and D. Stroock. Applications of the Malliavin calculus,
Part II. J. Fac. Sci. Univ. Tokyo 32 (1985): 1-76.

S. Kusuoka and D. Stroock. Applications of the Malliavin calculus,
Part III. J. Fac. Sci. Univ. Tokyo 34 (1987): 391-442.

T.J. Lyons. Differential equations driven by rough signals. I. An ex-
tension of an inequality of L. C. Young. Math. Res. Lett. 1 (4) (1994):
451-464.

T.J. Lyons. Differential equations driven by rough signals. Rev. Mat.
Iberoamericana 14 (2) (1998): 215-310.

D. Nualart. The Malliavin calculus and related topics. Springer, 2006.

S. Riedel. Transportation-cost inequalities for diffusions driven by
Gaussian processes. Electron. J. Probab. 22 (24) (2017): 1-26.

29



[RX13] S. Riedel and W. Xu. A simple proof of distance bounds for Gaussian
rough paths. Electronic Journal of Probability, 18 (2013): 1-18.

30



	Motivation and main result
	Basic properties of fractional Brownian motion
	Proof of Theorem ??
	A fractional Sobolev-norm representation of the conditional variance
	Lower tail estimate of the conditional variance
	Reduction of the double integral
	A Weierstrass-type Cameron-Martin path
	Composition of  with Weierstrass path
	The core step: growth of J(h)
	Localisation of J(X)

	Lower tail estimate of the rough line integral

	Further questions

